We outline a method for the construction of genus 2 hyperelliptic curves over small degree number fields whose Jacobian has complex multiplication and good ordinary reduction at the prime 3. We prove the existence of a quasi-quadratic time algorithm for computing a canonical lift in characteristic 3 based on equations defining a higher dimensional analogue of the classical modular curve X0(3). We give a detailed description of our method in the special case of genus 2.
Introduction
The theory of complex multiplication yields an efficient method to produce abelian varieties over a finite field with a prescribed endomorphism ring. In the case of elliptic curves, one starts with O an order in an imaginary quadratic field of discriminant D. Let h = h(D) be the class number of O. It is well known [26, Ch.II] that there exist exactly h isomorphism classes of elliptic curves with complex multiplication by O. Let j i be their j-invariants where i = 1, . . . h . The usual CM-method for elliptic curves consists of computing the j i using floating point arithmetic. One then recovers the Hilbert class polynomial
from its real approximation, using the fact that it has integer coefficients. It is usual to assess the complexity of this algorithm with respect to the size of the output. As h grows quasi-linearly with respect to D, the complexity parameter is D.
In 2002, Couveignes and Henocq [5] introduced the idea of CM construction via p-adic lifting of elliptic curves. The basis of their idea is to construct a CM lift, i.e. a lift of a curve over a finite field to characteristic zero such that the Jacobian of the lifted curve has complex multiplication. In the ordinary case the lifting can be done in a canonical way. In fact, one lifts a geometric invariant of the curve using modular equations. The computation of the canonical lift of an ordinary elliptic curve has drawn a considerable amount of attention in the past few years following an idea of Satoh [24, 29, 11, 7, 25, 14] . Mestre generalized Satoh's method to higher dimension using theta constants. His purely 2-adic method [15, 22] is based on a generalization of Gauss' arithmetic geometric mean (AGM) formulas. In this article we present formulas which may be seen as a 3-adic analogue of Mestre's generalized AGM equations. In contrast to the latter ones, our equations do not contain information about the action of a lift of relative Frobenius on the cohomology. In order to construct the canonical lift, we apply a modified version of the lifting algorithm of Lercier and Lubicz [12] to our equations.
Next we compare our 3-adic CM method to the 2-adic CM method for genus 2 of Gaudry et al. [8] , which uses the classical Richelot correspondence for canonical lifting. The latter method applies only to those CM fields K in which the prime 2 splits completely in the quadratic extension K/K 0 , where K 0 is the real subfield. For any other CM field K, the reduction of the CM curve at 2 will be non-ordinary. Thus there exists no ordinary curve with CM by K to serve as input to the algorithm. The method presented in this paper exchanges this condition at 2 with the analogous condition at 3. Hence the resulting 3-adic CM method applies to a large class of CM fields which are not treatable by the prior 2-adic CM method [8] .
Finally, we describe the techniques that are used in order to prove the equations introduced in the present paper. We prove our equations using the theory of algebraic theta functions which was developed by Mumford [17] . In the 3-adic arithmetic situation we make use of a canonical coordinate system on the canonical lift whose existence is proven in [2] . Our algorithm is proven by 3-adic analytic means and Serre-Tate theory.
This article is structured as follows. In Section 2 we prove equations which are satisfied by the canonical theta null points of canonical lifts of ordinary abelian varieties over a perfect field of characteristic 3. In Section 3, for lack of a suitable reference, we prove some properties of algebraic theta functions which are used in the proof of the modular equations for the prime 3. In Section 4 we describe a method for CM construction via canonical lifting of abelian surfaces in characteristic 3. In Section 5 we recall classical results about the moduli of hyperelliptic genus 2 curves and provide examples of the CM invariants of abelian surfaces and genus 2 curves.
Modular equations of degree 3 and level 4
In this section we prove equations which have as solutions the theta null points of the canonical lifts of ordinary abelian varieties over a perfect field of characteristic 3. The latter equations form an essential ingredient of the 3-adic CM construction which is given in Section 4. Our proof uses Mumford's formalism of algebraic theta functions [17] . The results of Section 2.2 cannot be obtained in a complex analytic setting. We remark that in [10] Y. Kopeliovich proves higher dimensional theta identities of degree 3 using complex analytic methods. Our purely algebraic method yields similar equations. Our set of equations is 'complete' in the sense that it defines a higher dimensional analogue of the classical modular curve X 0 (3).
Theta null points of 3-adic canonical lifts
For the basics about algebraic theta functions and standard notation we refer to [17] . Let R be a complete noetherian local ring with perfect residue field k of characteristic 3. Assume that there exists σ ∈ Aut(R) lifting the 3-rd power Frobenius automorphism of k. Let A be an abelian scheme of relative dimension g over R, which is assumed to have ordinary reduction, and let L be an ample symmetric line bundle of degree 1 on A. We set Z n = (Z/nZ) g R for an integer n ≥ 1. Assume that we are given a symmetric theta structure Θ 4 of type Z 4 for the pair (A, L 4 ). Let (a u ) u∈Z4 denote the theta null point with respect to the theta structure Θ 4 . In the following we identify Z 2 with its image in Z 4 under the morphism which maps component-wise 1 → 2. We define S = {(x, y, z) ∈ Z 3 4 | (x − 2y, x + y − z, x + y + z) ∈ Z 3 2 }.
For (x 1 , y 1 , z 1 ), (x 2 , y 2 , z 2 ) ∈ S we denote (x 1 , y 1 , z 1 ) ∼ (x 2 , y 2 , z 2 ) if there exists a permutation matrix P ∈ M 3 (Z) such that (x 1 − 2y 1 , x 1 + y 1 − z 1 , x 1 + y 1 + z 1 ) = (x 2 − 2y 2 , x 2 + y 2 − z 2 , x 2 + y 2 + z 2 )P. Theorem 2.1 Assume that A is the canonical lift of A k . For (x, y 1 , z 1 ), (x, y 2 , z 2 ) ∈ S such that (x, y 1 , z 1 ) ∼ (x, y 2 , z 2 ) one has Proof. There exists a unique theta structure Θ 2 of type Z 2 for (A, L 2 ) which is 2-compatible with the given theta structure Θ 4 (see [17, §2, Rem.1] ). Now assume that we have chosen an isomorphism
In order to do so we may have to extend locally-étale the base ring R. Note that σ admits a unique continuation to local-étale extensions. Our assumption is justified by the following observation.
As we shall see lateron, the resulting theta relations have coefficients in Z and hence are defined over the original ring R. is symmetric. We conclude by Lemma 3.4 that the theta structures Θ 2 , Θ 4 , Θ 6 and Θ 12 are compatible in the sense of [3, §5.3] . For the following we assume that we have chosen rigidifications for the line bundles L i and theta invariant isomorphisms
where i = 2, 4, 6, 12 and π : A → Spec(R) denotes the structure morphism. Our choice determines theta functions q L i ∈ V (Z i ) which interpolate the coordinates of the theta null point with respect to Θ i (see [17, §1] ). Let {δ w } w∈Z2 denote the Dirac basis of the module of finite theta functions V (Z 2 ). Let now (x 0 , y i , z i ) ∈ S where i = 1, 2 and set
Suppose that (x 0 , y 1 , z 1 ) ∼ (x 0 , y 2 , z 2 ), i.e. there exists a permutation matrix P ∈ M 3 (Z) such that
For i = 1, 2 we set
By Theorem 3.11 there exists a λ ∈ R * such that
It follows by Theorem 2.4 and Lemma 3.5 that there exists an α ∈ R * such that
for all z ∈ Z 4 . Combining the equations (3) and (4) we conclude that there exists λ ∈ R * such that
The commutativity of the -product and equality (2) imply that
As a consequence of the equalities (5) and (6) we have
This completes the proof of Theorem 2.1.
Note that by symmetry one has a u = a −u for all u ∈ Z 4 . For the sake of completeness we also give the well-known higher dimensional modular equations of level 4 which generalize Riemann's relation. Let In this section we make the equations of Theorem 2.1 and Theorem 2.2 explicit in the case of dimensions 1 and 2. Let F q be a finite field of characteristic 3 having q elements and let R = W (F q ) denote the Witt vectors with values in F q . There exists a canonical lift σ ∈ Aut(R) of the 3-rd power Frobenius of F q . Let A be an abelian scheme over R with ample symmetric line bundle L of degree 1 on A.
Dimension 1.
Suppose that A is a proper smooth elliptic curve over R, and let (a 0 : a 1 : a 2 : a 3 ) be the theta null point with respect to a symmetric theta structure of type (Z/4Z) R for (A, L 4 ) where L = L(0 A ) and 0 A denotes the zero section of A. By symmetry we have a 1 = a 3 , and Theorem 2.2 implies that the projective point (a 0 : a 1 : a 2 ) lies on the smooth genus 3 curve
with defining equation
The latter classical equation is known as Riemann's relation. We remark that the points on A 1 (Θ 4 ) give the moduli of elliptic curves with symmetric 4-theta structure. Now assume that A has ordinary reduction and that A is the canonical lift of A Fq . Theorem 2.1 implies that the coordinates of the projective point (a 0 : a 1 : a 2 ) satisfy the equation
where x i = a i and y i = a σ i for i = 0, 1, 2. Dimension 2. Now suppose that A has relative dimension 2 over R and that we are given a symmetric theta structure of type (Z/4Z) 2 for the pair (A, L 4 ). Let (a ij ) (i,j)∈(Z/4Z) 2 denote the theta null point with respect to the latter theta structure. By symmetry we have a 11 = a 33 , a 10 = a 30 , a 01 = a 03 , a 13 = a 31 , a 32 = a 12 , a 21 = a 23 .
The 2-dimensional analogue of Riemann's equation (8) By Theorem 2.2 the point (a ij ) (i,j)∈(Z/4Z) 2 is a solution of the equations (9), i.e. the above equations hold for x ij = a ij . The latter equations determine a three dimensional subscheme A 2 (Θ 4 ) of the projective space (R). In fact the above formulas define a morphism to the space of abelian surfaces with 2-theta structure which embeds in P . Together with the Riemann equations, the following corollary of Theorem 2.1 forms the basis of our construction algorithm for CM abelian surfaces.
Corollary 2.3
Assume that A has ordinary reduction and that A is the canonical lift of A Fq . Let (a ij ) denote the theta null point of A with respect to a given symmetric 4-theta structure. Then the coordinates of the point (a 00 : a 01 : a 02 : a 10 : a 11 : a 12 : a 13 : a 20 : a 21 : a 22 ) ∈ P 
where x ij = a ij and y ij = a σ ij .
Galois properties of the canonical theta structure
For our notation and standard definitions we refer to [17] and [2] . Let R be a complete noetherian local ring with perfect residue field k of characteristic p > 2. Suppose that we are given an abelian scheme A over R which has ordinary reduction. Let L be an ample symmetric line bundle of degree 1 on A. We set q = p d where d ≥ 1 is an integer. Assume that there exists a σ ∈ Aut(R) lifting the q-th power Frobenius automorphism of k. Recall that there exists a canonical lift F : A → A (q) of the relative q-Frobenius morphism and a canonical ample symmetric line bundle
where the right hand vertical arrow is the structure morphism. Let L (σ) be the pull back of L along the morphism pr : A (σ) → A which is defined by the diagram (11) . Now let n ≥ 1 be a natural number such that (n, p) = 1, i.e. the numbers n and p are coprime. Assume that we are given a symmetric theta structure Θ n of type
n the n-th power of L (σ) . We obtain a theta structure Θ
by extension of scalars along Spec(σ) applied to the theta structure Θ n :
and by chaining with the natural isomorphism Z n ∼ → Z n,σ and the inverse of its dual. Assume that A is the canonical lift of A k . Our assumption implies that the abelian schemes A (q) and A (σ) are canonical lifts which are canonically isomorphic over the residue field k. In the following we will assume that the special fibers of A (q) and A (σ) are indeed equal. There exists a canonical isomorphism τ : [2] is finiteétale because of the assumption p > 2. We conclude by the connectedness of the ring R that the class of M is the trivial class. Hence our claim follows.
By the above discussion there exists an isomorphism γ :
where
. Obviously, our definition is independent of the choice of γ. For trivial reasons the morphism τ * gives an isomorphism.
Theorem 2.4
There exists a canonical theta structure Θ
Proof. Assume that we have chosen an isomorphism 
n . We choose Θ (q) n = Θ nq (id) where our notation is as in [3, §5.2] . In the following we will prove that Θ (q) n has the desired pull back property (12) . First we check the pull back property for the induced Lagrangian structures. Let δ n , δ n , respectively. We claim that
As Θ
) the restriction of the Lagrangian structure δ
n to Z n equals the restriction of F • δ n . As a consequence the restrictions of the morphisms τ • δ (q) n and δ (σ) n coincide on the special fiber. By general theory the reduction functor on the category of finiteétale schemes over R gives an equivalence of categories. We conclude that the equality (14) restricted to Z n is true over R. The equality for Z n give rise to sections s, s (σ) and s (q) of theta exact sequences
{ { w w w w w w w w
We claim that the diagram (15) commutes. By definition, the squares of the above diagram commute. By equation (14) the right hand triangle commutes. It remains to show that
The difference of τ * • s (σ) and s (q) gives a point ϕ ∈ Hom R (Z n , G mR ) = µ n,R (R). It suffices to show that the point ϕ reduces to the neutral element of µ n,k , because the group µ n,R isétale and the ring R is connected. In the following we prove that ϕ has trivial reduction. Consider the diagram
where E q and q are defined as in [3,
* is defined as the centralizer ofK in G(L nq ). By Lemma 3.4 the left hand square of the above diagram is commutative. The liftK is induced by some isomorphism α :
It follows by the commutativity of the above diagram that
Equation (17) says in down-to-earth terms that, on the special fiber, the isomorphism γ z is the pull back of ψ y under the isomorphism pr : A (σ) → A where the latter is defined by the diagram D n is analogous. We remark that the equality (12) implies by means of descent that Θ (q) n is defined over R. This completes the proof of the theorem.
On the theory of algebraic theta functions
In this section we prove some basic facts about algebraic theta functions which are needed in the proof of Theorem 2.1. These results are absent from the literature. For an introduction to algebraic theta functions we refer to [17] .
Symmetric theta structures
In this section we recall the notion of a symmetric theta structure. The symmetry turns out to be an essential ingredient in the proof of the theta relations of Theorem 2.1. We give a characterization of the symmetry of a theta structure in terms of the symmetry of the associated line bundles. This characterization is not obvious from the definitions given in [17, §2] . The results of this section imply that the canonical theta structure, whose existence is proven in [2] , is a symmetric theta structure. Note that our definition of symmetry is weaker than the one given in [17, §2] .
Let A be an abelian scheme over a ring R and let L be a line bundle on A. Consider the morphism
where · denotes the class in Pic
x L is an isomorphism, and let τ ϕ denote the composed isomorphism
One defines a morphism
We remark that the definition of τ ϕ does not depend on the choice of the isomorphism ψ. Obviously δ −1 is an automorphism of order 2 of the group G(L). Let K be a finite constant group over R. We define an automorphism D −1 of the standard theta group
. Assume now that we are given a theta structure Θ :
Definition 3.1 The theta structure Θ is called symmetric if the following equality holds
Note that we do not assume that the line bundle L is totally symmetric as it is done in [17, §2] . In the following we will give a necessary and sufficient condition for a theta structure to be symmetric. Recall (see [2, §4] ) that the theta structure Θ corresponds to a Lagrangian structure of type K and isomorphisms Proof. We prove that the equality (18) holds on the image of the morphism
if and only if the line bundle M K is symmetric. An analogous proof exists for the dual construction. Consider the following diagram
Here the morphism j denotes the inclusion induced by the Lagrangian structure, which is part of the theta structure Θ. By [2, Prop.4.2 and Prop.4.5] we have Θ(1,
* L is an isomorphism as above. On the other hand one has
K . Hence the equation (18) restricted to elements of the form (1, x, 1) translates as
K . The latter equality is equivalent to
The latter equality means that the composed isomorphism
for all x ∈ K. This is true if and only if this isomorphism equals the pull back of an isomorphism M K
Thus the lemma is proven.
Product theta structures
The construction of product theta structures is considered as known to the experts. But the reader should be aware of the fact that a product theta structure of given theta structures does not always exist. In this section we clarify the situation by proving the existence of a product theta structure under a reasonable coprimality assumption. We provide detailed proofs because of the lack of a suitable reference. Let A be an abelian scheme of relative dimension g over a ring R and let L be an ample symmetric line bundle of degree 1 on A. For an integer n ≥ 1 we set Z n = (Z/nZ) g R . Now let n, m ≥ 1 be integers such that (n, m) = 1, i.e. the numbers n and m are coprime. Assume we are given theta structures
We consider Z n and Z m as subgroups of Z nm via the morphisms that map component-wise 1 → m and 1 → n, respectively.
Lemma 3.3
There exists a natural product theta structure
depending on the theta structures Θ n and Θ m .
where the product is taken in G(L nm ). Let δ n and δ m denote the Lagrangian structures that are induced by Θ n and Θ m . We set
where the elements δ nm (x g , l g ) and δ nm (x h , l h ) are the images of m (g) and n (h), respectively, under the natural projection
The vanishing of the commutator pairing follows from the bilinearity and the assumption (n, m) = 1. This proves the above claim. As a consequence there exists a canonical morphism of groups
Because of our assumption (n, m) = 1 the subgroup C = ker( ) is contained in the subtorus
. In the following we will prove that is surjective. Consider the diagram
where π and π n × π m denote the natural projections. Let s be the section of π n × π m induced by the theta structures Θ n and Θ m . We have π • = π n × π m (up to canonical isomorphism). As a consequence we have π
Then by the latter equality the group element (s(π(g))) differs from g by a unit. Hence the morphism maps a suitable multiple of s(π(g)) to g. This implies the surjectivity of . As a consequence induces an isomorphism
By the same reasoning as above one can define a natural morphism E :
and it is readily verified that the induced morphismẼ :
The morphism Θ nm establishes the theta structure whose existence is claimed in the lemma.
Now let Θ nm be as in Lemma 3.3 and define the m-compatibility of theta structures as in [3, §5.3] .
Lemma 3.4 Assume that Θ n is symmetric. Then Θ nm is m-compatible with Θ n .
Proof. Let n , m , E n , E m , η n , η m , H n and H m be defined as in [3, §5.3] . Note that by the definition of Θ nm there is an equality
In other words, we have to prove that
Using the definition we compute H m (E n (α, x, l)) = (α nm , 0, 1). As (n, m) = 1, it follows that the image of η m • n is contained in G m,R . Hence the right hand equation in (20) is a consequence of the G m,R -equivariance of Θ n and Θ m . It remains to prove the left hand equation. We have
where 
The left hand equality in (20) is implied by the equalities (21) and (22) using the assumption that Θ n is symmetric, i.e. equation (18) holds. This completes the proof of the lemma.
Descent of theta structures by isogeny
In this section we prove some lemma which forms an important ingredient of the proof of Theorem 2.1. The lemma is about special theta relations which are induced by descent along isogenies. A proof of this key lemma in terms of algebraic theta functions is absent from the literature. In the following we use the notion of compatibility as defined in [3, §5.2-5.3].
Let R be a local ring, and let π A : A → Spec(R) and π B : B → Spec(R) be abelian schemes of relative dimension g. We set Z n = (Z/nZ) g R for an integer n ≥ 1. As usual, we consider Z n as embedded in Z mn via the morphism that maps component-wise 1 → n. Let M be an ample symmetric line bundle on B. Suppose that we are given 2-compatible theta structures
for some m ≥ 1, where j ∈ {1, 2}. Let F : A → B be an isogeny of degree d g . Assume that there exists an ample symmetric line bundle L on A such that F * M ∼ = L. Now assume that we are given 2-compatible theta structures Θ j :
such that Θ j and Σ j are F -compatible. By general theory there exist theta group equivariant isomorphisms
Suppose that we have chosen rigidifications of L and M. This defines, by means of µ j and γ j , theta functions q M j ∈ V (Z jm ) and q L j ∈ V (Z jmd ) (see [17, §1] Lemma 3.5 There exists a λ ∈ R * such that for all x ∈ Z 2m one has
Proof. By Mumford's 2-Multiplication Formula [17, §3] there exists a λ ∈ R * such that for all z ∈ Z m and x ∈ Z 2m we have
Here 1 denotes the finite theta function which takes the value 1 on all of Z m . The Isogeny Theorem [17, §1,Th.4] implies that there exists a λ ∈ R * such that for x ∈ Z 2dm we have
Also there exists a λ 1 , λ 2 ∈ R * such that for x ∈ Z md we have
Again by Mumford's multiplication formula there exists a λ ∈ R * such that for all x ∈ Z 2md we have
The Lemma now follows from the observation that F * (1) F * (δ z ) and F * (1 δ z ) differ by a unit.
Products of abelian varieties with theta structure
In this section we prove the existence of finite products abelian varieties with theta structures. This kind of product is needed in the proof of the 3-multiplication formula. Let A 1 , . . . , A n be abelian schemes over a ring R. Assume we are given a line bundle L i on A i and a theta structure Θ i of type K i for (A, L i ) for all i = 1, . . . , n. We set
where p i : A → A i denotes the projection on the i-th factor. Lemma 3.6 There exists a natural product theta structure of type K for (A, L) depending on the theta structures Θ i , where i = 1, . . . n.
Proof. We remark that there exists a canonical isomorphism
, where π i (i = 1, . . . , n) and π denote the natural projections. Let s be the canonical section of π 1 × . . . × π n induced by the theta structures Θ i . We have π • ϕ = π 1 × . . . × π n (up to canonical isomorphism). As a consequence we have π
Then by the latter equality the group element ϕ(s(π(g))) differs from g by a unit. Hence the morphism ϕ maps a suitable multiple of s(π(g)) to g. This implies the surjectivity of ϕ and proves our claim.
Analogously, one defines a surjective morphism Φ :
The theta structure Θ whose existence is claimed in the lemma is given by the composed isomorphism
This completes the proof of the lemma.
An algebraic proof of the 3-multiplication formula
In the following we give a 3-multiplication formula for algebraic theta functions in the context of Mumford's theory [17] . Our method of proof extends to an arbitrary n-product of algebraic theta functions. For this reason it seems to be instructive to give a detailed proof in terms of Mumford's algebraic theta functions. The following proof generalizes in a straight forward manner Mumford's proof of his 2-multiplication formula [17, §3] . The classical complex analytic 3-multiplication formula does not apply in our case because we are working in an arithmetic setting. The theory of algebraic theta functions allows us to keep track of the reduction modulo the prime 3. Let us remind the reader, that our aim is to use the 3-multiplication formula in order to lift theta null points from the special fiber to characteristic 0. For the proof of the complex analytic 3-multiplication formula we refer to [1, Ch.7.6].
Let A be an abelian scheme over a local ring R and let ξ denote the isogeny A 3 → A 3 given by
Assume we are given an ample line bundle L on A and theta structures Θ i of type K i for L i where i ∈ I = {1, 2, 3, 6}. We assume that the theta structures Θ i , i ∈ I, are compatible in the sense of [3, §5.3] . We set
where p r : A 3 → A, r = 1, 2, 3, is the projection on the r-th factor, and
By Lemma 3.6 there exist product theta structures Θ 1,1,1 and Θ 3,6,2 of type K 1,1,1 and K 3,6,2 for M 1,1,1 and M 3,6,2 , respectively, depending on the theta structures Θ i where i ∈ I.
Proposition 3.7 There exists an isomorphism
Proof. Let b = (b 1 , b 2 ) ∈ A 2 and a ∈ A. We define
One computes
The latter equality follows by the Theorem of the Square. Now take a = 0 A where 0 A denotes the zero section of A. Let p 23 : A 3 → A 2 be the projection on the 2-nd and 3-rd factor and let p m : A 2 → A denote the projection on the m-th factor (m = 1, 2). We have
By [17, §3,Prop.1] we conclude that
The latter equality follows by the symmetry of L. 3 , x → (2x, x, 3x). The kernel of ξ is given by the restriction of τ to A [6] . In the following we will identify the groups K 6 × K 
where π 3,6,2 :
,2 ] is the natural projection. Here we denote
for all i, j, l ∈ I. Because of the equality (24) we have
. Obviously the isogeny ξ induces a surjective morphism σ : Z 
where the left hand vertical morphism is defined as in the proof of [17, §1,Prop.2]. We claim that the group G m,R × Z ⊥ 1 /Z 1 × Z ⊥ 2 /Z 2 is generated by G m,R and elements of the form
Assume we are given an element (1,
We denote ξ(x, l) = (x,l). Choosẽ x ∈ K 6,6,6 andl ∈ K D 6,6,6 such that [6] (x,l) = (x,l). One verifies that ξ • ξ = [6] and hence the element ξ (x,l) ∈ K 3,6,2 × K D 3,6,2 differs from (x, l) by an element of Z 1 × Z 2 . This implies the above claim.
In the sequel we will prove the commutativity of the diagram (25) for elements of the form (1, 2x, x, 3x, l 2 , l, l 3 ). The proof for elements of the form (1, 2x, x, −3x, l 2 , l, l −3 ) and (1, 2x, −2x, 0, l 2 , l −2 , 1) goes analogously and is left to the reader. We define
and set κ = Θ 3,6,2 1,1 ) to be the restriction on the 3-rd factor of the morphism ϕ and Φ introduced in the proof of Lemma 3.6. It is readily checked that the following diagram (dotted arrows ignored) is commutative
Here η 6 and H 6 are defined as in [3, §5.3] . Note that the upper left square is commutative since Θ 6 and Θ 1 are assumed to be 6-compatible. In order to show that the diagram (25) is commutative on the subset of elements of the form (1, 2x, x, 3x, l 2 , l, l 3 ) it suffices to prove that the following diagram commutes 1,1 ).
Consider the commutative diagram
A [6] / / A where i 3 (x) = (0, 0, x). There exist isomorphisms
The existence of the isomorphism β is implied by the symmetry of L. Consider the isomorphism δ given by the composition
where α is as above. The isomorphism δ induces a morphism
where p 2 : A 3 → A denotes the projection on the second factor. We claim that the following diagram is commutative
can,τ y y r r r r r r r r r r G(L 36 ) (26) where 6 is defined as in [3, §5.3] . Let g = (x, l), ψ ∈ G(L 6 ) and h = Θ −1
and hence
. The image of κ(g) under the canonical morphism induced by δ is given by
Consider the composed isomorphism δ given by
The isomorphism δ differs from δ by a unit. Thus we have
This proves our claim, i.e. the commutativity of diagram (26) . The isomorphism γ induces a morphism can, i 3 :
where p 3 : A 3 → A denotes the projection on the 3rd factor. Consider the diagram
s s h h h h h h h h h h h h h h h h h h h h h h h h
can, [6] / / G(L).
* denotes the centralizer of the lifted subgroup A [6] in G(L 36 ). By the above discussion the left hand triangle is commutative. By the same reasoning as above it follows that the composed morphism
equals the identity. This implies that the canonical morphism induced by γ is surjective. As a consequence the commutativity of diagram (25) is equivalent to the commutativity of the following diagram
By definition the image of κ(g) under the canonical morphism induced by δ is given by
Since τ p 2 (x) = x it follows that
Note that such an isomorphism ψ exists since κ(g) ∈ G(M 3,6,2 ) * . We remark that the pair ξ(x), ψ ∈ G(M 1,1,1 ) is the image of κ(g) under the canonical morphism induced by α. Continuing the above calculation we get
By definition the pair
is the image of ξ(x), ψ under the canonical morphism induced by γ. We conclude by the above equality, the commutativity of diagram (26) and the definition of η 6 that g = η 6 (g). Thus we have shown that diagram (27) is commutative. As a consequence diagram (25) is commutative. This finishes the proof of the lemma.
Assume that we have chosen G(K 1,1,1 )-and G(K 3,6,2 )-equivariant isomorphisms
where π 3 denotes the structure morphism of A 3 . The following lemma is a generalization of the Addition Formula which is stated in [17, §3] . We use the intuitively simplified notation introduced in the proof of Lemma 3.8.
Corollary 3.9
There exists a λ ∈ R * such that for all g ∈ V (K 1,1,1 ) we have
where (x, y, z) ∈ K 3,6,2 .
Proof. By Lemma 3.8 we can apply the Isogeny Theorem (see [17, §1, Th.4 ] [3, §5.2,Th.5.4]) in order to obtain the formula given in the lemma.
Assume that we have chosen G(K i )-equivariant isomorphisms
where π denotes the structure morphism of A, and that we have rigidified the line bundle L. This defines theta functions q L i ∈ V (K i ) (see [17, §1] and [3, §5.1]). Let ∆ : A → A 3 the diagonal morphism. There exists a canonical isomorphism β :
The following theorem describes the morphism of O R -modules ϕ defined as the composition
where the left hand morphism is the Künneth morphism, in terms of finite theta functions.
We define for
Theorem 3.11 (3-multiplication formula) There exists a λ ∈ R * such that for all x ∈ K 3 and f 1 , f 2 , f 3 ∈ V (K 1 ) we have 
Proof. Consider the commutative diagram
Passing over from sections to finite theta functions we get a diagram
The left hand map is defined to be the canonical isomorphism mapping
wheref i is the function on K 1,1,1 defined bỹ
The map ξ * is given by Corollary 3.9. The right hand eval-map in diagram (29) corresponds to the map on sections which maps a section s 1 ⊗ s 2 ⊗ s 3 ∈ π * M 3,6,2 to the section (s 2 ) 0 (s 3 ) 0 s 1 where (·) 0 indicates the evaluation at zero by means of the chosen rigidification. The claim now follows by expressing (s 2 ) 0 and (s 3 ) 0 in terms of theta null values (see [17, §1, Cor.3] ).
Explicit CM construction in characteristic 3
In this section we apply Corollary 2.3 to the explicit CM construction of invariants of ordinary abelian surfaces by canonical lifting from characteristic 3. The CM algorithm has two main phases:
• first (see Section 4.4), the multivariate Newton lifting of a given canonical theta null point based on the equations of Corollary 2.3 by means of the algorithm of Lercier and Lubicz [12, Th.2],
• second (see Section 4.5), the LLL reconstruction of the defining polynomials over Z for the ideal of relations between the canonically lifted moduli, following Gaudry et al. [8] .
The existence of the lifting algorithm is a consequence of the following facts. The ordinary locus at 3 of the moduli space of abelian varieties with symmetric 4-theta structure, which is constructed in [18] , is smooth. The space of pairs of ordinary abelian varieties with symmetric 4-theta structure admitting a compatible isogeny of degree 3 g , where g is the dimension, forms anétale covering of the latter space.
The lifting algorithm applies to a rationally parametrized moduli space X over Z q , and a complete intersection in X × X. We replace the rational parametrization with a local analytic parametrization. We describe the construction in detail in the application to the explicit moduli of abelian varieties of dimensions 1 and 2 described herein, but the approach applies in greater generality to any dimension.
Complexity hypothesis
We will denote by F q a finite field of characteristic p > 0 having q elements. Let Z q denote the ring of Witt vectors with values in F q . There exists a canonical lift σ ∈ Aut(Z q ) of the p-th power Frobenius morphism of F q . If a is an element of Z q we denote byā its reduction modulo p in F q . We say that we have computed an element x ∈ Z q to precision m if we can write down a bit-string representing its class in the quotient ring Z q /p m Z q . In order to assess the complexity of our algorithms we use the computational model of a Random Access Machine [21] . We assume that the multiplication of two n-bit length integers takes O(n µ ) bit operations. One has µ = 1 + (for n sufficiently large), µ = log 2 (3) and µ = 2 using the FFT multiplication algorithm, the Karatsuba algorithm and a naive multiplication method, respectively. Let x, y ∈ Z q /p m Z q . For the following we assume the sparse modulus representation which is explained in [4, pp.239] . Under this assumption one can compute the product xy to precision m by performing O(m µ log(q) µ ) bit operations.
A lifting algorithm for moduli of elliptic curves
We first describe a canonical lifting algorithm for theta null points of elliptic curves, hence take an abelian scheme E of relative dimension 1 over Z q . Its theta null point (a 0 : a 1 : a 2 : a 1 ) determines a Legendre model for E of the form
In particular we make use of the maps of modular curves
where the first map is (a 0 : a 1 : a 2 ) → (a 0 : a 2 ) is the restriction to the 2-torsion part of the theta structure, and X(2) is the full modular curve of level 2 with function field generated by λ. We recall that the curve A 1 (Θ 4 ) is determined by Riemann's equation (7) and the correspondence equation (8) determines a curve in the product A 1 (Θ 4 ) × A 1 (Θ 4 ). Projecting this correspondence curve onto the 2-torsion part with coordinates (x 0 : x 2 ) and (y 0 : y 2 ), gives rise to an affine curve
by setting x = x 2 /x 0 and y = y 2 /y 0 . This curve is singular of geometric genus 3, with singularities
where i 2 = −1 in Z q . It is easily verified that all x in {∞, 0, 1, −1, i, i} determine degenerate, singular cubic curves. Moreover, the special fiber at 3 takes the form
whose singularities consist of all points (x, x σ ) for x in F 9 . Outside of the image of the above degenerate points, the remaining F 9 -rational points are supersingular.
The remaining points correspond to theta null points of ordinary elliptic curves, for which it is easily verified that the conditions of Lercer-Lubicz [12] for an Artin-Schreier equation are satisfied. Hence their Newton algorithm applies to uniquely lift a solution to equation (30) with the constraint to y = x σ . From a solution to this system, we set (a 0 : a 2 ) = (1 : x) and determine a 1 by one Newton lifting step. This gives the following theorem.
Theorem 4.1 There exists a deterministic algorithm which has as input the theta null point (ā i ) of an elliptic curveĒ over F q and as output the theta null point (a i ) of its canonical lift E to a given precision m ≥ 1, with time complexity
where d = log(q).
A lifting algorithm for split abelian surfaces
As in Section 2.1.1 we let A g (Θ 4 [2] ) denote the moduli space of 4-theta null points, projected on the coordinates which are parametrized by the 2-torsion subgroup. We recall that a 00 a 22 − a 02 a 20 = 0, determines one component in A 2 (Θ 4 [2] ) of split abelian surfaces. We refer to Runge [23] ) for a complex analytic description of this locus as a degenerate Humbert surface. The remaining components are obtained by the action of a geometric automorphism group acting on theta structures and preserving the moduli of abelian varieties. Explicitly this group is generated by the projective automorphism group generated by the matrices 
These automorphism determine a transitive action on the 10 components of the Humbert surface. In particular, given a theta null point of a split abelian variety, by means of an automorphism (defined over an extension of degree at most 2), we may assume that it lies on the locus a 00 a 22 = a 02 a 20 .
We now recall that the locus a 00 a 22 = a 02 a 20 is the image of
) by a Segre embedding (a 0 : a 2 ), (a 0 : a 2 ) −→ (a 00 : a 02 : a 20 : a 22 ) = (a 0 a 0 : a 0 a 2 : a 2 a 0 : a 2 a 2 ).
The canonical lift of this theta null point is obtained by means of the canonical lifting to algorithm applied to (a 00 : a 20 ) = (a 02 : a 22 ) and to (a 00 : a 02 ) = (a 20 : a 22 ). This yields the canonical lift of the theta null point with the same complexity as for elliptic curves. We summarize this result in the general theorem for abelian surfaces in the next section.
A lifting algorithm for moduli of abelian surfaces
We use the notation introduced in Section 4.1. For the rest of this section let A be an abelian scheme of relative dimension 2 over Z q having ordinary reduction. Suppose A is the canonical lift of A Fq . Let L be an ample symmetric line bundle of degree 1 on A and assume we are given a theta structure of type (Z/4Z) 2 for (A, L 4 ). We denote the theta null point with respect to the latter theta structure by (a ij ) where (i, j) ∈ (Z/4Z) 2 .
Theorem 4.2 There exists a deterministic algorithm which has as input the theta null point (ā ij ) of A Fq and as output the theta null point (a ij ) of A to a given precision m ≥ 1, with time complexity
By Serre-Tate theory the morphism Σ is analytic in a neighborhood of α. More precisely, this is a consequence of the representability of the local deformation space of an ordinary abelian variety over F q by a formal torus and the fact that the unique lift of the relative 3-Frobenius equals up to isomorphism the 3rd powering map on this torus (see [9] and [16] ). We define Φ to be the composition
where ∆ is the diagonal map and Π 2 = Π × Π. The equality Φ(a) = 0 holds by Corollary 2.3. By the above discussion, Φ is analytic and is defined on the open disc U with center a and radius 1. The fact that the radius equals 1 can be deduced from the interpretation of the points in the image of Ψ as moduli points of abelian varieties with 2-theta structure.
In the following we verify that the assumptions of [12, Th.2] are satisfied. For an analytic function F we denote its first order derivative by D F . We have Φ(x) ≡ 0 mod 3 for all x ∈ U , because all points of U reduce to the same canonical theta null point satisfying the equations (9) and (10), and hence D Φ (a) ≡ 0 mod 3. We write D Ξ X and D Ξ Y for the submatrices of D Ξ being the derivative of Ξ with respect to the first and second factor of the product X × X. By the chain rule we conclude that
By general theory [9] the Frobenius lift acts on the Serre-Tate formal torus as the 3-rd powering map and hence D Σ Π(a) ≡ 0 mod 3. We conclude by equation (31) that
Next we prove by contradiction that for a suitable choice of the triple (f 1 , f 2 , f 3 ) (notation as above) we have
We remark that in the lifting algorithm the choice of the triple (f 1 , f 2 , f 3 ) has to be done depending on the initial data. Suppose condition (33) is not satisfied for any triple (f 1 , f 2 , f 3 ). Then by the Jacobi criterion we conclude that the moduli space of pairs of ordinary abelian surfaces with symmetric 4-theta structure and compatible (3, 3)-isogeny is not smooth at the point Π(a), Π(a) σ . This contradicts the fact that the latter space forms anétale covering of the smooth space X. Clearly the equations (32) and (33) imply the assumptions of [12, Th.2] . By the algorithm suggested there and the above discussion we can compute x ∈ U such that Φ(x) ≡ 0 mod 3 m for given precision m with complexity as stated in the theorem.
In the following we explain why the output of the latter algorithm is indeed the theta null point of the canonical lift to given precision. We claim that for x ∈ U one has an equivalence
It suffices to prove that Φ(x) ≡ 0 mod 3 m implies x ≡ a mod 3 m since the converse is obvious. The proof is done by induction on m. Assume that equivalence (34) holds for some m ≥ 1. Assume that Φ(x) ≡ 0 mod 3 2m . By the induction hypothesis we have δ = 3 −m (x − a) ∈ Z 3 q . Then by Taylor expansion of the analytic function Φ at a we get
By equation (35) we conclude that
We set
By (31) the equation (36) is equivalent to
where D is the linear operator given by
Here we have used that the map Σ already exists as an endomorphism of U which commutes with the application Π. Note that by condition (33) the matrix D Y is invertible. By condition (32) the entries of the matrix D
−1
Y D X are all divisible by 3. As a consequence we conclude from equation (37) that δ ≡ 0 mod 3 m . This proves our claim. In the following we will show how to compute the matrices D X and D Y , since they are needed for the algorithm of Lercier and Lubicz [12] . By the above discussion, we can compute compatible branches of the local inverse Π at a and a σ such that Π(a
where Λ i are the Riemann relations (9) , so that Λ(Π(a)) = 0. By the chain rule we conclude that
Let π : Z Λ have 3 and 6 columns, respectively. Note that by the smoothness of the space X the rank of D (2) Λ at Π(a) equals 6. There exists a matrix T ∈ GL 20 (Z q ) such that the matrix
is in echelon form. It follows from equation (38) and the above discussion that
From this it is straightforward to compute D π (a) inverting the unique invertible (6, 6)-square submatrix of E. We remark that the above computation can be done modulo any given precision. This completes the proof of Theorem 4.2.
We conclude this section by a practical remark. Our implementation uses a multivariate version of the algorithm of R. Harley (compare [28, §3.10]) for solving generalized Artin-Schreier equations instead of the the method suggested in [12] .
LLL reconstruction
From the theory of complex multiplication we know that the invariants of canonical lifts are algebraic over Q. We briefly recall the method of Gaudry et al. [8] for LLL reconstruction of algebraic relations over Z. Let γ be a p-adic integer in an extension of degree r over Z p , and let m be the precision to which it is determined. We assume that the degree n of its minimal polynomial over Q is known, i.e. that there exists f (x) ∈ Z[x], with f (γ) = a n γ n + . . .
where the a i ∈ Z are unknown. We determine a basis of the left kernel in Z n+r+1 of the vertical join of the matrix  (r−1) . . . . . .
with p m times the r × r identity matrix, where γ i,j are defined by
in terms of a Z p basis {1, w 1 , . . . , w r−1 } for Z q . The minimal polynomial f (x) is determined by LLL as a short vector (a 0 , . . . , a n , ε 1 , . . . , ε r ) in the kernel. The complexity of the LLL step depends on the values r, n, and m. The values of r and n can be recovered by a curve selection and analysis of the Galois theory of the class fields. The required precision m, determined by the size of the output, is less well-understood, and we express the complexity in terms of these three parameters. Using the L 2 variant of LLL by Nguyẽn and Stehlé [20] , the complexity estimate of [8] gives O((n + r) 5 (n + r + m)m) in general, and in our case the special structure of the lattice gives a complexity of O((n + r) 4 (n + r + m)m).
Moduli equations and parametrizations
In this section we give the equations which form a higher dimensional analogue of Riemann's quartic theta relation. Then we state the classical Thomae formulas in an algebraic context, relating the invariants of genus 2 curves to theta null points. Finally we apply the algorithm of Section 4 to the construction of CM invariants of abelian surfaces and genus 2 curves.
The Thomae formulas for genus 2
Let R be an unramified local ring of odd residue characteristic, and H a hyperelliptic curve over R given by an affine equation
where the e i ∈ R are pairwise distinct in the residue field. Let (J, ϕ) denote the Jacobian of H where ϕ denotes the canonical polarization. There exists a finite unramified extension S of R and an ample symmetric line bundle L of degree 1 on J S which induces the polarization ϕ S . We assume that S is chosen such that there exists an S-rational symmetric theta structure Θ of type (Z/4Z) 2 for the pair (J S , L). Let (a ij ), where (i, j) ∈ (Z/4Z) 2 , denote the theta null point with respect to the latter theta structure. For a complex analytic proof of the Thomae formulas see [19, p.120] . Conversely, let A be an abelian surface over S with ample symmetric line bundle L of degree 1 on A. Assume we are given a symmetric theta structure of type (Z/4Z) 2 for the pair (A, L 4 ), and let (a ij ) denote the theta null point with respect to the latter theta structure. We associate a curve to the theta null point in the following way. Let µ be a solution of the equation (possibly over an unramified extension) which determine curves isomorphic to the curve with affine equation
Unfortunately, the Rosenhain invariants (λ 1 , λ 2 , λ 3 ) of the above curve are not determined by the 2-torsion part (a 00 : a 02 : a 20 : a 22 ) of the theta null point. Instead we must pass to a (2, 2)-isogenous curve to determine a genus 2 curve parametrized by this theta null point. has Jacobian (2, 2)-isogenous of the abelian surface A.
Proof. The Richelot isogeny determined by the polynomials G 1 = x, G 2 = (x − 1)(x − λ 1 ), G 3 = (x − λ 2 )(x − λ 3 ), determines a curve isomorphic to the above curve.
Thus we obtain a rational map from the space A 2 (Θ 4 [2] ), determined by the 2-torsion part (a 00 : a 02 : a 20 : a 22 ) of a theta null point, to the moduli space M 2 (2) of genus 2 curves with level-2 structure, determined by the Rosenhain invariants (µ 1 , µ 2 , µ 3 ). The latter point specifies an ordered six-tuple of Weierstrass points over (∞, 0, 1, µ 1 , µ 2 , µ 3 ). We note that this map is defined on the open subspace outside of the components defining split abelian surfaces.
Examples of canonical lifts
In this section we give examples of canonical lifts of 3-adic theta null points. The examples were computed using implementations of our algorithms in the computer algebra system Magma [13] . Generic algorithms and databases of CM invariants for genus 2 curves can be found from the authors' web pages (see [6] ). Example 1. Consider the genus 2 hyperelliptic curveH over F 3 defined by the equation
LetJ denote the Jacobian ofH. The abelian surfaceJ is ordinary. Over an extension of degree 40 there exists a theta structure of type (Z/4Z) 2 for (J, L 4 ) where L is the line bundle corresponding to the canonical polarization. Let (ā ij ) denote the theta null point of (J, L 4 ) with respect to the latter theta structure. We can assume thatā 00 = 1. Note that the coordinatesā 02 ,ā 20 andā 22 are defined over an extension of degree 10. We set F 3 10 We conclude that the field k 0 generated by the coordinates a 02 , a 20 and a 22 is a Galois extension of Q having degree 160. Note that k 0 contains Q(i).
The characteristic polynomial of the absolute Frobenius endomorphism ofJ equals x 4 + 3x 3 + 5x 2 + x + 9.
Let K = End F3 (J) ⊗ Q. The field K is a normal CM field of dimension 4 whose Galois group equals Z/4Z. The class number of K equals 1. The maximal totally real subfield of K is given by Q( √ 13). Note that K equals its own reflex field K * . The compositum k 0 K * forms an abelian extension of K * having conductor 8 and Galois group (Z/2Z) 2 × Z/10Z. Note that the polynomial P 20 generates the ray class field of K * modulo 2. We remark that the curve H with defining equation
is a canonical lift ofH in the sense that H reduces to the curveH and the Jacobian of H is isomorphic to the canonical lift ofJ. For a list of curves of genus 2 over Q having complex multiplication we refer to [27] .
